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Abstract

In this paper, we apply column splitting to the Travelling Salesman Problem (TSP),
producing two different decompositions. The lower bounds on these models are at least
as good as the standard Held-Karp lower bound, and we give examples with strictly
better lower bounds. The bounds appear to be equivalent to the standard Dantzig,
Fulkerson & Johnson formulation, with all subtour breaking and 2-matching constraints
added.

1 TheDFJ formulation, the 1-tree and the 2-matching.

The travelling salesman problem (TSP) is often modelled with the well-known Dantzig,
Fulkerson & Johnson (1954) model:

Indices: i, j city,

Parameters: n = number of cities; ¢; = cost to travel from city i to city j.

Decision variables: x; = 1 if the salesman should travel between citiesi and j, else 0.

1. Model DFJ: min X.i25;j»i Cij Xij,

2. Zj:j>i (Xij + X“) =2forali.

3. YijosXi < |9 -1, for every subset Ssuch that 3< | <[ /2], and {1} OS

4. x; 0{0, 1} for al i, j:j>i.

Explanation:

1. Minimise total distance travelled.

2. Each city must have degree 2, i.e., must be entered and departed.

3. No subset of cities Sconsist of atour, unless that subset as al the cities.

4. The salesman cannot split histravel between cities.

We will denote the LP relaxation of DFJ, 1 through 3, as v(DEJ).

In this paper, we apply column splitting to the TSP, and show that column splitting
provides a bound tighter than v(DEJ).

1.1 Thel-treerelaxation and the Held-Karp lower bound

Held & Karp (1969) showed how to find v(DEJ), with the following model:

5. Model HK: min X m XY G X'j, where x'j isthe set of arcsin 1-treet,

6. 2 (Zj:j>i ()_(tj,i + )_(ti,j)) =2, for al i (dual prices ),

7. 2m =1,

8. m >0, for al t.

A solution method for Model HK is asfollows:

Step 0. Pick dual prices A;.

Step 1. Solve the 1-tree: min 2% (Cj — i — N)X; + 22 A, X OT.

Step 2. Add one variable w1 to Model HK above and resolve. Update dual prices A;
from constraint set 6. Quit when v(HK") = v(1-tre).



This requires many iterations, with a “tail-off” effect. To improve on this method,
Held & Karp (1970) gave a subgradient optimisation algorithm to find v(HK), and
sometimes an optimal solution to the TSP. The algorithm optimises over A;, with a price
for each node. As we shall see, we can do better if we switch to optimisation arc-wise,
with a price for each arc.

1.2  The2-matching relaxation

Instead of relaxing the degree 2 constraints, set 2, we could relax the subtour breaking
constraints, set 3, resulting in a 2-matching problem. The 2-matching problem can be
solved in polynomial time, but the LP formulation with constraints 1 and 2 is not
naturally integer. However, Edmonds (1965) showed that constraints 1, 2 and 9 below
give acomplete linear description of the 2-matching problem.

9. Yapiow jowXij + Yajor X < W +LIFI2], for al node subsets W, and all sets of
arcsF, where(i,j)) O Fif i O Wxorj OW.

These constraints 9 are called the 2-matching inequalities, not to be confused with
the constraint set 2 that requires that nodes have degree 2. The 2-matching inequalities
are part of alarge set of constraints called comb constraints; set W is often called the
“handle”, and the set F is called the “teeth”. Unfortunately, the 2-matching problem has
an exponential number of two matching inequalities.

Nemhauser & Wolsey (1988) give the following model:

10. Model NW: min ¥ "= i (3 GijX'))

12. Y M0 (3 X55) < |9 — 1, for every subset Ssuch that 3< |9 <[.n/2] and {1} OS

12. Y0 =1

13.a=0foralt=1,..., T.

Model NW finds a convex combination of 2-matchings that satisfies the subtour
breaking constraints. Nemhauser & Wolsey reference Balas & Christofides (1983) for
this model, but the Balas & Christofides article never shows the above master. Balas &
Christofides instead write the subtour breaking constraints in generic form of X a5 jxj =
a’ for sO S, and give the following relaxation:

14. Model BC: min ¥ ;cijxi; — Xaws(Xi;@% j%i; — a%)

subject to 2 and 4. If we wish, we can drop 4 and add 9.

Using Model BC, Balas & Christofides give an agorithm to solve the TSP (actually
using the assignment problem for asymmetric TSPs rather than the 2-matching).

Nemhauser & Wolsey note that v(DFJ) < vV(NW) = v(BC), because the latter two
formulations satisfy the 2-matching inequalities 9. Column splitting appears to give a
result at least a good as the strongest of these, but without the need to relax a potentially
exponential number of subtour breaking rows.

2 Application of column splitting to the TSP

Guignard and Kim (1987) showed that Lagrangean decomposition based on column
splitting dominates ordinary Lagrangean decomposition. To apply column splitting to
Model DFJ, we must add a decision variable w;;, which is a clone of x;;. Model DFJ is
repeated here with the new variables.

15. Model DFJL: min X% Cij Xij,

16. Zj:j>i (Wij + W”) =2foradli,

17. YijosX; < |9 — 1, for every subset Ssuch that 3< |9 <[ n/2]and {1} 0S,

18. w; = x;; for al i, j:j>i,

19. w;; O {0, 1} for al i, j:j>i.



If werelax constraint set 18 into the objective, we obtain Model CS-DFJ.
Model CS-DFJ: min Zi2j>i Gij Xij — ZizPi Bij (Xij —Wij),
subject to 16, 17, and 19. Because constraint 18 is an equality, B is unrestricted in sign.
Model CS-DFJ decomposes into a 1-tree and a 2-matching, both of which can be
solved in polynomial time.
For convenience, partly to avoid row generation of constraint set 17 in our test
algorithm, we chose to explore alternate formulations to DFJ.

3 Column splitting into n—1 max flow problems and a 2-matching
problem

A lower bound for the objective value of DFJ is the objective value of its L P relaxation,
which we denote by underscore, DFJ. DFJ is typically solved by adding subsets of
subtour breaking cuts to DFJ as needed, as with Dantzig, Fulkerson & Johnson (1954)
and Applegate, Bixby, Chvatal, and Cook (1998). The subtour breaking cuts may be
found with a maximum flow model.

Martin (1991) observed that the matrix from the maximum flow model could be
applied to write atotally dual integral LP for the minimum spanning tree, as follows.
Indices: i, j, k = nodes.

Variables: x;;=1if arci, j isinthetree, else 0, for al i, for all j:j > 1.
z .= flow to nodet across arc (i), for al i:i>t, j;j>i, and all t. Let z;; = O.

20. Model MST-LP: min ZiZj:j>i Cij Xij,

21 232 i Xij=n—1,

22. Xij=2Zijtt Zin foral i, for all ]J >i,and al t.

23. Xy (Zije + Z,ip) < 1, for al i:i>t, and all t,

24. Xij, Zjt = 0.

MST-LP can be modified for the TSP, in two different ways. Mainly, we must
constrain the degree of 2 at each node. We show the first way in this section and the
second way in the next section.

In the first way, the interpretation of the model follows from the maximum flow
model. In the zj; variables, the flow into each node t must be 2, and the flow in equals
flow out for all other nodesi, j #1. As with the maximum flow model, node 1 is special
asit serves as the source.

25. Model TSP-mflow: min Zi2j>i Cij Xij,

26. %ij =zt + z,y forali, forallj;j>i,and al t,

27. Zj:j>i (Xij + X“) =2forali.

28.2izj =2z foraljij#ztandj z 1, foral tit#1,

29. Dia zit=2,foralt#1,

30.7;t>0,

31. x;<1fordli,j.

32.x; U{0, 1} for al i, j.

Constraint set 27 may appear redundant to 29, but this is not the case. A solution in
which a node has degree 4 satisfies the other constraints.

We apply column splitting to Model TSP-mflow by relaxing constraint set 26, the
constraints that tie x;; and z;;, to obtain the following.

33. Model CS-mflow: min 252 GijXij + 22 izt 05t (Zije + Zijie — Xij)

=min 22 si(Cj — 2 00X + min 2252 05t (Zje + Zig)s
subject to 28 through 32.



With the first term in the minimisation, we have a 2-matching 2M(6) with
constraints 27 and 32. With the second term in the minimisation, we have n — 1
maximum flow problems (with constraints 28, 29, and 30).

For the moment, we will drop constraint 27. This converts the 2-matching into a
trivial variable-fixing problem VF(6):

Set Xij tolif (Cij -4 Gi,j,t) <0, or

set xij to O if (cj — 2t 6;j0) = 0.

Hence, at the optimum, 22> X;j (Cij — 2t i) <O, for al 6;;; and ;.

We next prove that this decomposition dominates HK.

For fixed 0, denote D(0) = min 252si(Cij — 2.t 00X + Min X2 0t (Zje + Z,i0)-

Theorem: v(CS-mflow) > v(HK).

Proof: Choose (', X, Z) as the optimal solution to H()). Let 07, = (\ '+ A" )/n for
al i, j, t. Since any x;; is feasible to the variable fixing subproblem VF(6), we can use
X ij. Choose Z; ;; optimal to D(0’).

34.D(0) —HQ)

= Y si(G =20 )X i + Dm0 1t (Zije + Ziie) ~izsi(Cj A i A X i —2Xi A,
=N Yt (Zije + Zjig) — 22N,

=2 N (Zj>i2§ (Zijt+Zjit) —2)

=0, because z; ; isfeasible to constraints 28 and 29.

Now H(L") has been maximised, but we may still be able to improve D(0) by
choosing a better 6 and a better x;; for the subproblem VF(0). Thus, the result holds.
When we add the 2-matching constraints 27, the value of D(6°) must be even higher.

This decomposition requires O(n°) variables, so it will be computationally
demanding. However, our next decomposition requires only O(n?) variables.

4 Column splitting into a 2-matching and a 1-tree

We can write a second TSP formulation based on MST-LP. We modify the data by
cloning node 1 to node n+1. If we wish, we can set ¢;n+1=c. The interpretation of
Model TSP-1tree below is a 1-tree with degree 2 constraints, so the optimal value of the
LP relaxation to TSP-1tree must equal the optimal value of the LP relaxation of DFJ.
We note the similarity of this model to that of Wong (1980) and Claus (1984).

35. Model TSP-1tree: min X% Gj Xij,

36. Zj (Xij + in) =2foral2<i<n,

37.%j=2z1+z,y fordli, foralj:j>i andal t,

38. 22 i Xij = n, (noting that we have n+1 nodes),

39. %1+ X1 <1foral 2<i<n,

40. 2 (ziji + zj) <1, fordl i:i>t, and dl t,

41.z;:>0,foradli,j,t.

42.x; 0 {0, 1} for dl i, j:j >i.

Constraint set 38 is redundant to 36. If we drop constraint set 36, we have an LP
formulation for the 1-tree. However, we use this constraint later.

We apply column splitting to Model TSP-1tree. To use column splitting, we
introduce new variables wij into Model TSP-1tree, repeated here with the new variables.

43. Model TSP-1tree: min X% Gjj Xij ,

44. %=z + i, foral i, foral j:j >i, and dl t,

45. 2% i Xij = n, (noting that we have n+1 nodes),

46. X1 + Xini1 < 1foral 2<i<n,

47. % (Zije + zjp) <1, for dl i:i>t, and dl t,



48.z;:>0, fordli,j, t.
49. x; U {0, 1} for dl i, j:j > 1.
50. Wij = Xij for al I,j] >,
51. 2 (wij +w;) =2forall 2<i<n,
52.w; 0{0, 1} foral i, j;j >i.
Relaxing constraint set 50 gives Model CS-1tree.
53 Model CS-1tree: min Zi2j>i Cij Xij — Zi2j>i Bij (Xij — W), subject to 45 through 49,
and 51 and 52. Because constraint 44 is an equality, B is unrestricted in sign.
We prove that v(CS-1tree) > v(HK).
For fixed A, denote H(X) = min 2i>si (Cij — i — X)X + 225 A
For fixed B, denote C(B) = min 2% j>i Cij Xij — 2i2j>i Bij (Xij — Wij)-
Theorem: v(CS-1tree) > v(HK).
Proof: Choose (A, X, Z) as the optimal solution to H(L). Let fi; = A /n for al i, j.
Therefore, Yjsi Bij = Ai . Choose w;;” optimal to the 2-matching subproblem.
Then v(C(6")) —v(H(L))
= YiYsi Gi X — S B (G = W) — ZiXsi (G =M N )% =22 A
= DY GiXij —Xiki- Zjsi( —Wij ) — Ziisi (Gi—A =N )X —2Xiki-, since YjsiBij =,
= DX G X — i M i X 2 A s Wi — Sy G+ i A i X — 250
rearranged,
=2 Xi*Zpi VVijo —220N rearranged,
=2 ki*(Zpi (vvi,-° + W,-io)— 2), rearranged,
=0, since Y (Wi + W) = 2.
Now observe that xi,-* is optimal to H()A), but CS-1tree has not been maximised over
Bi;- We therefore could increase the optimal value of CS-1tree, so v(CS-1tree) > v(HK).

5 Numerical examples

Example 1. We wanted to find a 10-city TSP with a relatively large gap between the
optimal tour length and v(DFJ). We used a script in AMPL (Fourer, Gay & Kernighan
2003) to generate random 10-city TSPs, and then to solve them to calculate the duality
gap. We first solved the LP relaxation of TSP-1tree, then the IP. Eventually, we selected
the problem with the following coordinates.

x coordinates: 0 10 35 40 54 56 65 66 74 95,

y coordinates: O 69 97 51 58 28 80 86 30 45,

The optimal tour length is 346.7837104, and v(DFJ) is 340.3072057.

We solved CS-1tree with the following Model CS, obtaining prices i from
constraint set 57. We note that this formulation is quite general. The subproblems are
the 1-tree and the 2-matching problems. Convergence was slow, but obtained the
optimal value of 346.7837104.

54. Model CS: Min zk(ziZjCinijk)Bk
55. Zk 6k = 1,

56. Zk Yk = l,

57. kaijkék—zkxijkyk =0, for all i, j
58. yk> 0, 3k > 0.

In addition, we wrote an AMPL script (listed in the Appendix) to solve model CS-
mflow, with subgradient optimization over Bj. The B;; were updated as Bi; = Bi; + (Xj —
wij)*stepsize, and stepsize was adjusted in a typical manner for subgradient
optimization. Again, we found the optimal value of 346.7837104, but not a tour. Two of
the x;; variables were different from their corresponding w; variables. When we started



with the dual prices to constraint set 50, we found the optimal tour. In both cases, the
new bound was tight.

Example 2. We solved a 10-city example from Boyd & Labonté (2002). They
proved that their example has the largest possible gap between the value of the optimal
tour of 40 and v(DEJ), which is 34. For their example, Model CS-mflow gives an
optimal value of 36, which is the same objective value as Model BC. Our results
suggest that their conjecture may be irrelevant, provided that this new method can be
shown to be computationally effective.

Example 3. We solved an example problem from Nemhauser & Wolsey (1988),
pages 474. In that example, v(DEJ) = 9, while v(CS-mflow)=10, equal to Model BC and
the optimal tour length.

The Appendix also gives an AMPL script that writes an SV G graph of the solution,
which may be viewed in an SV G-enabled web browser.

Conclusion and future work

We applied column splitting to the TSP, and showed that it improves on the Held-Karp
lower bound. We expect that in fact the bound produced by column splitting equals that
of Model BC, that is, the 2-matching problem with the Lagrangean objective.
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Appendix
AMPL model to find alower bound on the TSP with column splitting.

You can use this to nmake a tree, a ltree, or a TSP

- To neke a tree, use Total Degree, Stagel, and StageZ2.

Do not have a dummy node in your data.

- To nake a ltree, use Root, Total Degree, Stagel, and Stage2.

In your data, copy node 1 to node |ast+1l, to have a dummy node.

- To solve the TSP, use NodeDegree, Root, Stagel, and Stage2.

In your data, copy node 1 to last+1l, as a dumry node. Make x binary.

HHEHHFHHHR

param N, set Nodes:= {1..N};
param xcoord {Nodes}; param ycoord {Nodes};
set Arcs :={i in Nodes, j in Nodes: i < j};

paramlength {i in Nodes,j in Nodes: (i,j) in Arcs}
= sqgrt((xcoord[i] - xcoord[j])"2 + (ycoord[i] - ycoord[j])"2);

param beta {(i,j) in Arcs}; # Dual prices on the Split rows.
var x {(i,j) in Arcs} binary; #>= 0;
var w {(i,]) in Arcs} binary; #>= 0;

set Zset := {i in Nodes, j in Nodes, t in Nodes:
i <>t and (i,j) in Arcs or (j,i) in Arcs and (t,i) in Arcs};
var z {(i,j,k) in Zset} >= 0;

#m nimze Tourlength: sum{(i,j) in Arcs} length[i,j] * x[i,j];
#subject to Split {(i,j) in Arcs}: x[i,j] =wWi,j];

m nimze CSrel axTourlength: sum{(i,j) in Arcs} length[i,j] * x[i,]]
+ sum{(i,j) in Arcs} beta [i,j]*(x[i,j] - Wi,j]);

# Al nodes of degree 2, except the first & last, which have degree 1.
# Thus, we have a tour using the nodel for a 1-tree.
subject to NodeDegree {i in Nodes: i <> 1 and i <> N}:

sum {(j,i) in Arcs} Wj,i] + sum{(i,j) in Arcs} Wi,j] = 2;

# This constraint prevents duplicating the arc fromthe depot.
subject to Root {i in Nodes: i >= 2 and i <= N1}: x[1,i] + x[i, N <=1,

subject to Total Degree: sum{(i,j) in Arcs} x[i,j] = card(Nodes) - 1;

subject to Stagel {(i,j) in Arcs, t in Nodes}:

(if (i,j,t) in Zset then z[i,j,t]) + (if (j,i,t) in Zset then
z[j,i,t]) =x[i,jl;
subject to Stage2 {(t,i) in Arcs}:

sum{j in Nodes: (i,j) in Arcs or (j,i) in Arcs} z[i,j,t] <= 1;
AMPL script to find alower bound on the TSP with column splitting.



# cstspl.run. Find a | ower bound on the TSP with colum splitting.
option solver cplex; option omt_zero rows 1, omt_zero_cols 1,

par am not equal count; param stepsize

nmodel cstspl. nod

read N, {i in 1..N (xcoord[i],ycoord[i]) < fraclOcitygap9813.txt;
sol ve;

| et stepsize := 20;
# Do subgradient optimsation to find the best beta.
for {runjob in 1..1000}

{ | et stepsize := stepsize * .95; let notequalcount := 0
for {(i,j) in Arcs}
{ if x[i,j] >wi,j] then
{ let beta [i,j] := beta [i,]j] + stepsize;
| et notequal count := notequal count + 1;
}
if x[i,j] <wi,j] then
{ let beta [i,j] := beta [i,j] - stepsize;
| et notequal count := notequal count + 1;
} }
i f notequal count = 0 then break
sol ve;

printf "% x's and w s unequal .\n", notequal count;

}

commands _nmakesvg. t xt;

Script _makesvg.txt. From the output to the TSP model, this file makes an SVG graph
of the solution, which may be viewed in an SV G-enabled web browser.

# Creates SVG fil e tspgraph.svg. Assune N nodes, xcoord, ycoord, X.
# Print SVG file header

printf "<?xm version=""1.0"" standal one=""yes"" ?>\ n<! DOCTYPE svg
PUBLIC ""-//WBC// DTD SVG 20010904/ /EN""

""http://ww. wW3. org/ TR/ 2001/ REC- SVG 20010904/ DTD/ svg10. dt d"" >\ n<svg
viewBox=""0 0 % % "" xm ns=""http://ww. w3. org/ 2000/ svg"" >\ n<g>"

1. 05*max{i in Nodes} xcoord[i], 1.05*max{i in Nodes} ycoord[i] >

t spgr aph. svg;

# Sizes for objects.

param t extsi ze

let textsize := max(max{i in Nodes} xcoord[i], max{i in Nodes}
ycoord[i])/100;

for {(i,j) in Arcs: x[i,j] > 0.001}

printf "<line x1=""9%g"" yl=""0g"" x2=""o0g"" y2=""9g""
stroke=""bl ack"" stroke-w dth=""%""/>\n"

xcoord[i], ycoord[i], xcoord[j], ycoord[j], textsizel/8 >>
t spgr aph. svg;

for {i in Nodes} # Print circles on the nodes.
{ printf "<circle cx=""9%"" cy=""%"" r=""9%"" fill=""none""
stroke=""gray"" stroke-w dth=""9%g""/>\n"
xcoord[i], ycoord[i], O.4*textsize, textsizel/4 >> tspgraph.svg;
# Print |abels in the nodes.
printf "<text x=""9%g"" y=""%"" font-famly=
size=""9g"" fill=""blue"">%</text>\n"
xcoord[i]-0.2, ycoord[i]+0.1, 2.5*textsize, i >> tspgraph.svg;

Verdana"" font-

printf "</g></svg>" >> tspgraph.svg; close tspgraph. svg;
Sample datafile.
# Data file: N x1 yl x2 y2 x3 y3

# Tour |ength 346.7837104, v(HK) = 340.3072057.
10 00 10 69 35 97 40 51 54 58 56 28 65 80 66 86 74 30 95 45



